I. INTRODUCTION
The study of fully developed turbulence in stratified fluids produced by an externally maintained temperature gradient along the direction of gravitational field has generally involved two different kinds of investigations. One has been the study of the Nusselt number [1] [2] [3] [4] [5] , which is a measure of heat flux-the rate of transfer of heat from the bottom plate to the top plate when the fluid is enclosed in a box heated from below. The primary transport is due to turbulent convection and hence the Nusselt number (Nu) is a probe of turbulence in fluids. The other subject of study has been the wave-number dependent energy and entropy spectra [6] [7] [8] [9] [10] [11] [12] [13] [14] , which give a picture of how the kinetic energy per unit mass (E = (δT ) 2 d 3 r) are distributed in the wave-number space for a fluid enclosed in a volume V . The spectra E(k) and S(k) are defined as E = E(k)dk and S = S(k)dk, where k is the wave number. The extensive experimental and numerical works have dealt with the Rayleigh number (Ra) dependence of the Nusselt number 1-5 and the scaling behavior of E(k) and S(k) in the wave-number space [6] [7] [8] [9] [10] [11] [12] [13] [14] . In the first part of this work, a bridge is constructed between the two approaches by studying the spectrum of the heat flux. In analogy with E(k) and S(k), the spectrum H(k) of the heat flux is defined by the relation Nu − 1 = H(k)dk. Two decades ago, the heat flux spectrum H(k) had once been studied by Kerr 15 but no systematic data showing the scaling behavior in the wave-number space was obtained. Simulations show that H(k) ∝ k −2 and the change in the scaling exponent is also studied when the system is subjected to uniform rotation. The data with uniform rotation are confined to Rossby numbers (Ro) greater than unity. In the second part of this work, a study of the probability distribution functions (PDFs) for the heat flux is presented. This study is specifically important because the probability distribu- In the study of the energy and entropy spectra there has been a puzzle for the last two decades. The homogeneous isotropic turbulence is governed by the Kolmogorov scaling 6 .
However, there are two competing scenarios in stratified fluids -The Kolmogorov variety and another due to Bolgiano 7 and Obukhov 8 . In the Kolmogorov scenario both E(k) and S(k)
are supposed to scale as k −5/3 , whereas in Bolgiano-Obukhov case one has E(k) ∝ k −11/5 and S(k) ∝ k −7/5 . Interestingly enough there has never been any unambiguous determination of E(k) and as for S(k) the results have always favored Bolgiano scaling. A clear cut crossover has only been observed only in frequency space 16 . The issue of scale invariance of the governing equations has been also discussed in general terms and on the basis of that it is concluded that the scaling for the Bolgiano-Obukhov scenario is: H(k) ∝ k −9/5 . It is argued that the observed spectrum is actually consistent with the Bolgiano view point.
The results presented in Sec. II are for a situation where scaling is expected to hold in the inertial range. The effects of uniform rotation are investigated in Sec. III. The rotation introduces the Coriolis force in the horizontal plane and in addition to introducing an additional anisotropy, it also breaks the scale invariance of the system. The known results for the rotating convection primarily concern the Nusselt number and one of the important observation was the deviation from the approximate Ra 2/7 scaling 9-14 as the Rayleigh number falls below a critical value, which depends strongly on the Taylor number Ta and Prandtl number Pr. Below this critical value of Ra, the scaling is Ω-dependent [17] [18] [19] . The scaling exponent for the thermal flux is found to change with Ω for lower values of Ra and it is found to be Ω independent for large Ra. The large values of Ra correspond to the range where the Nusselt number Nu scales as Ra 2/7 and is independent of the rotation speed (see Fig. 1 ).
II. SPECTRA AND PDFS OF HEAT FLUXES
The hydrodynamic system considered here consists of a thin layer of low-Prandtl-number
Boussinesq fluid confined between two horizontal plates separated by a distance d, which is subjected to a uniform rotation about a vertical axis with angular velocity Ω. Symbols α, ν, λ and g stand for the thermal expansion coefficient, kinematic viscosity, thermal diffusivity and acceleration due to gravity, respectively. An adverse temperature gradient 
where Ro = Ra/(PrTa), which is also used to characterize rotating RBC. The case without rotation corresponds to Ta = 0 (i.e., Ro = ∞). Boundary conditions for thermally conducting and free-slip bounding surfaces, located at z = 0 and z = 1, are:
All the fields are considered periodic in horizontal plane. The expansion of the fields consistent with the boundary conditions [Eq. (4)] are then given by,
θ(x, y, z, t) = l,m,n
p(x, y, z, t) = l,m,n P lmn (t)e i(lkxx+mkyy) cos nπz.
The expansion of the pressure field is such that its dependence on the z-coordinate is similar to that of the horizontal velocities v 1 and v 2 , and its vertical derivative has z− dependence identical to that the vertical velocity v 3 . The pressure modes due to convection is computed by taking divergence of the momentum equation (1) and using the equation of continuity (3). As the integration is done in the wave number space, we get at each time step the values of all fields in k− space. The wave number space is divided into several spherical shells. The symbols H(k i ) represents the convective heat flux in the i th spherical shell of inner radius k i and outer radius k i+1 , where i is an integer. The convective heat flux spectrum H(k i ) are defined as:
The magnitude of wave vector is k = [k The time averaged heat flux spectrum H(k), in the absence of rotation, has been found to scale with dimensionless wave number k as k −δ . The value of exponent δ has been computed by best fitting data points obtained from DNS. Its value has been found to be close to 1.95 for higher value of r. For lower values of r, its value varies between 2.0 and 2.4. The range of wave number and the computed values of the exponent δ are listed in Table I . The scale invariance of the system of equations describing turbulence in a stratified fluid without rotation is now explored. For the most part results will agree with the existing 
No further progress is possible unless additional constraints are imposed on various fluxes.
In this problem there are two kind of fluxes − the energy flux ǫ and the thermal (or entropy) flux ǫ S . They are given by,
and
In the absence of the temperature fluctuation, one has the usual Kolmogorov picture of turbulence in the velocity field. Kolmogorov's picture of scaling in the inertial range requires a scale independent kinetic energy flux − ǫ is transformed without loss from one scale to the next. Imposition of the condition that ǫ is k−independent leads to ζ = 2/3. This gives the scaling dimension 1 − ζ of the velocity field as 1/3. Knowing the scaling dimension of the v i , the Kolmogorov correlations may immediately be write down as:
What about the 5/3 law of Kolmogorov? That pertains to E(k), which is obtained from the wave number dependent velocity v i (k) through the correlation function
when one looks at the total energy per unit mass E which can be written as
so that,
C(k) may be found from a scaling argument since it is the Fourier transform of the translationally invariant spatial correlation (I) ǫ is k-independent but ǫ S is not − this is called here as K41 for the very specific reason that in K41 there is only one scale independent transfer and that is of the kinetic energy.
(II) ǫ S is k-independent but ǫ is not. This is Bolgiano-Obukhov scenario, which is denoted here as BO.
(III) ǫ and ǫ S are both scale independent, a situation which is termed as KBO in this article.
This is conventionally called K41 in the literature and what is called as K41 here has never
been noticed, as the general scale invariance on equations of motion was never imposed.
Each of these cases is discussed separately below.
(I) The constancy of ǫ leads to ζ = 2/3 and immediately η = −1/3 from Eq. (13).
Looking for the k−dependence of ǫ S , one immediately finds that ǫ S ∝ k 4/3 , i.e., ǫ S rises as k increases. The entropy spectrum S(k) defined as
is consequently seen to behave as (based
(II) In this range, the k-independence of ǫ S leads to ζ = 2η and from Eq. (13), it yields η = 1/5 and ζ = 2/5. It follows that ǫ ∝ k −4/5 , i.e., ǫ decreases as k increases. The scaling dimension of v i ( R) is 1 − ζ = 3/5 and it follows that
while
(III) In this range, ǫ and ǫ S are both k−independent. This leads to ζ = 2η and ζ = 2/3 simultaneously, which gives η = 1/3. The velocity fields and temperature have the same scaling dimension of 1/3 and hence
It should be pointed out that if a real perturbative re-normalization calculation is to be carried out to obtain the scaling field points, then it is a meaningful perturbation theory only for ∆T < 0, i.e., for the stable stratification. While the above scale invariance arguments Unfortunately, no comment on ǫ S and S(k) are actually available in this range.
Apart from the Ref. 25 , a systematic study of the fluxes as a function of the wave number are never reported before. As this picture is not investigated earlier, it is impossible to ascertain correctly the status of the much more extensive studies on E(k) and S(k). It is worth to point out that all these spectra will necessarily exhibit crossover behavior as a given 
The numbers C E and C S can actually be calculated and some of them exist in literature.
In the Kolmogorov scenario, the relaxation rate is written as Γ Similarly for the region I, where one finds S(k) ∼ k −1/3 , it is very likely that it can never be seen in an entropy spectrum as for small wave numbers it will be swamped by both k
and k −5/3 , but it is possible that the existence of this region may be indicated by an increase of ǫ S with increasing k if the thermal flux is carefully measured.
With the above argument, one may now immediately write down the spectrum H(k) for the correlation function v i (k)δT (−k) as
It should be noted that according to the naive scaling discussed so far
The results obtained by various authors on E(k) and S(k) are explored now. As for E(k), it is always in some crossover range between k −5/3 and k −11/5 but S(k) data is more specific.
It shows two clear cut features:
(i) there is always a clear k −7/5 and no trace of k −5/3 and (ii) for k-values less than some critical value, there is a bifurcation and the S(k) vs k curve has two branches in the absence of rotation 14 − one scaling as k −7/5 and the other as k −2 . The spectrum of convective entropy S(k) in the presence of rotation also shows two branches 29 .
One finds the scaling for one branch as k −7/5 and for the other branch the exponent varies from 2.8 to 3.8. In Ref.
14 there is an argument about why the spectrum should be k −2 for a specific set of modes. By analyzing their numerical data on mode to mode entropy transfer, they conclude that the status of δT (0, 0, 2n) modes are different and it is for these modes to thermal diffusion but are maintained in the model by random force ξ which is a Gaussian white noise, i.e.,θ + γθ = ξ(t), where < ξ(t 1 )ξ(t 2 ) >= Dδ(t 1 − t 2 ). The PDF of v 3 and θ is a bi-variate normal distribution. To get the distribution of v 3 θ, one writes F = v 3 θ and integrates over θ as by Falcon et al. 21 to obtain
where
and K 0 in the zeroth order modified Bessel function of the second kind. Using the asymptotic form of K 0 (X), one arrives at P (X) ∼ 1 √ X e τ X e −|X| , where X =
. This is clearly asymmetric about X = 0 with a sharp fall off for X < 0.
III. EFFECTS OF ROTATION
The convective flow with the system rotating about the z-axis with a uniform speed Ω is now considered. The equation of motion for the velocity field becomes Table I .
where ω Table I . In this range, the scaling exponent δ obtained from the best fit is found to vary from 2.2 to 2.7.
The exponent δ in this case depends upon Ta and Pr. The value of exponent δ increases slightly with an increase in Ta. The range of wave numbers and the best fit values of δ are listed in Table I 
IV. CONCLUSIONS
The spectrum of heat flux in wave number space has been investigated numerically. The 
